Abstrac-Mode shapes and natural frequencies of human long bones play an important role in the interpatation. prediction and control of their dynamic response lo external mechanical loads. This paper describes an experimental and theoretical study offree vibrations in an excised human tibia. Experimentally, seven tibia1 natural frequencies in the range O-3 kHz were identified through measured structural transfer runctions. Theoretically. a beam type Finite Element model of a human tibia is suggested. Unknown parameters in this model are determined by a Bayesian parameter estimation approach, by which very fine model/observation-accordance was achieved with realistic parameter estimates. A sensitivity analysis of the model confirms that the human tibia in a vibrational sense is more uniform than its complicated geomeitry would immediately suggest. Accordingly. IWO simple tibia models are identified. based on uniform beam lheory with inclusion of shear deformations.
How will a human tibia respond to external dynamic loads? This question arises naturally in conjunction with rather diverse biomechanical problems: development of non-invasive methods of monitoring fracture healing bnd diagnosis of bone discascs. asscssmcnt of bone stresses under normal or extrcmc conditions, simulation of human gross motion and construction of experimental dummies.
To answer the question, an adcquatc mathematical model would be of great importance. Such a model could provide a deeper understanding of experimental observations and perhaps replace experiments in situations where such would be unethical. very costly or impossible ta perform.
Scientific interest in bone mechanics has a long tradition, Galileo (1638) being a pioneer and works of Bourgcry (1832). Koch (1917) and Wolfl(l870) being important cornerstones. Early eflorts were primarily concerned with experimental studies of statical bone properties. However, the past two decades have shown significant progress in the field of mathematical bone modelling owing to the ability of powerful numerical methods in connection with developments in computer techndlogy. to handle the complex, irregular geometry of most bones. Parallel to this, developments in cxprimental methods and instrumentation mcam that theoretical model predictions could also bc verified experimentally. These tools have given rise to a considerable amount of studies dealing with statical properties of bones (cf. Evans, 1973; King, 1984: Huiskes and ,Chao, 1983 ) and a more limited number of studies concerning dynamical models of bones.
Concentraking Cornelissen et ul. (1986 Cornelissen et ul. ( . 1987 ) describe several important aspects relating to experimental determination and interpretation of the lowest natural frequencies and mode shapes of human tibiae in uitro. in situ and in aico. Of primary concern to this group is the evaluation of a clinical method for non-invasive monitoring of healing fractures. Hight et ul. (1980) examined the significance of various modelling aspects in connection with a beam element model of a tibia. Assessed were the importance of axis curvature and twist, shear deformations, boundary conditions, and mass formulation. Model predictions were not verified experimentally in this study. Collier et 01. (1982) used sinus sweep excitation to determine the lowest 5 natural frequencies of an excised human tibia. Experimental frequencies were compared with analytical results obtained by modelling the tibia as a hollow Bernoulli-Euler beam with the constant cross-section of an isoscelcs triangle. Acceptable model/experiment accordance was obtained for flexural vibrations only by allowing the value of Young's modulus to vary with the direction of excitation.
The study described in the following was concerned with possible improvements within three areas of dynamic tibia modelling: (I) The frequency range is extended. as short duration impacts may excite higher vibration modes. (2) More attention is paid to shear related modelling aspects, as both torsional modes and flexural high frequency modes are considerably influenced by these. (3) In tuning the solid mechanics model of a tibia to reality, model parameters which have 3 clear physical interpretation are restricted to values in accordance herewith.
The tibia is mathematically modelled as a straight, twisted non-uniform Timoshenko beam, composed of two linearly elastic and transversely isotropic materials (compact and cancellous bone), and one perfectly flexible material (bone marrow). Unknown parameters in this model are determined by a Bayesian parameter estimation approach. in tuning the model to experimentally determined undamped resonant frequencies of an excised and embalmed human tibia.
ESPERIXIENTAL DETERMINATION OF TIRIAL

RESONANCFS
An excised and embalmed human left tibia was supported in two elastic straps simulating free-free supporting conditions, and a standard frequency analysis was made, using avcragcd frequency response functions dctcrmincd by impulse hammer excitation (Bcndat and Picrsol. 1980). The tibia1 accclcration rcsponsc was traced by 3 miniature piczoclectric accelcromcter which was mounted on ccmcnt studs glued to the tibia) surface. A total of 14 combinations of accclcrometer and hammer excitation locations were used. These combinations were chosen in order to enhance selectively each of the fundamental types of tibia1 vibration modes: flexural vibration in two planes and torsional and longitudinal vibrations. Response linearity was verified prior to the experiments by varying the input force and noting 3 proportional increase in output level, and during the experiments by computing and surveying the coherence function associated with each frequency response. The duration of the input impulse was approximately 0.5 ms. providing sufficient excitatory energy in the frequency range of interest (O-4500 Hz), and the acceleration response of the tibia lasted well beyond the duration of this impulse. Examination of the 3dB bandwidth of the resonance peaks indicated rather low damping ratios (l.7-2.5%). and the peaks were fairly well separated.
Results of an analysis of 14 diRerent frequency response functions, corresponding to different input/ output-locations, are summarized in Table I . A total of seven undamped natural frequencies in the range O-2.6 kHz were identified with 3 high degree of confidence. The frcqucncies given arc obtained by averaging over the number of frequency response functions from which a specific resonance appeared, as. in general, only five or six frequencies were extracted from each frequency response. The standard deviations given rclnte hereto. Table I also lists three   Table I natural frequencies identitied with some uncertainty from only 3 few frequency responses in the noisy frequency range 2.6-4.5 kHz. Although no great experimcntal evidence can be assigned to thcsc latter frcquencics. they arc interesting in that their existences were. 3s described in Section 4, predicted through mathematical modclling. As no mode shape analysis software w3s available, the mode type associated with each rcsonancc peak was cstimatcd by collating the magnitude and spectral distribution of resonant peaks, with elementary beam theory and results from studies similar to the present. As apperars from Table 1 . the resonances occur in pairs of flexural modes, each pair corresponding to vibration in the plane of least respectively largest stiffness, the first IWO pairs being separated by 3 torsional mode.
A MATIIEMATICAL MODEL OF A VIBRATING TIRIA
The tibia is modelled as a straight, twisted, nonuniform Timoshenko beam, made up of three ditferent materials: compact bone, cancellous bone and bone marrow. Compact bone and cancellous bone are idealized as homogeneous, linearly elastic and transversely isotropic materials (Evans, 1973). while bone marrow is considered homogeneous and completely flexible.
The continuum model of the tibia is expressed through partial dilTcrential equations in which the unknowns are the time-varying displacement variables describing the deformational state of the beam axis. Deformations corresponding to flexure in two planes, longitudinal extension and torsion, are considered. These equations are discretized by a conventional finite element procedure using the 2-node. IZ-DOF, constant cross-section Timoshcnko beam element described by Przemieniecki (1968). Details concerning this element and its parameters are given in 
where k is the iteration counter, X(/$) is an n by p sensitivity-matrix with components:
; i= I,... ,n; j=l,...,p (10) and the p by p matrix P&,) is dcfmed through:
~~B,~=c~~B3'~~~'~~cBI,+~;'l (I 1)
The sensitivity cocficicnts (IO) wcrc obtained as dcscribed in the Appendix. The iterations (9) were initiatcd by the choiccCT, = #. They were tcrminatcd when the paramctcr corrLTtions I/J, + t -/I,) bccamc insignilicant. The Gauss-Netwon scheme has fast local convergcncc propertics provided the matrix P is nonsingular in the region of minimum. In order to improve the global convergence propertics, the Gauss-Netwon scheme was combined with a Backtracking Lincscarch procedure (see c.g. Dennis and Schnabel, 1983). If P is singular at minimum, the iterations (9) will not converge. If there is no prior information on parameters (V; * +O), P is singular if at least two columns in the sensitivity matrix X are linearly dependent. In this case not all parameters can be estimated, although some combinations of parameters probably could be.
Minimization of (8) requires the specification of observations (7. V,) and prior knowledge of parameters (#, Vs).
The observations f are given by the lowest seven tibia1 natural frequencies listed in Table I . Measurement errors were considcrcd to be uncorrclated with zero mean and with variances given by the squared standard deviations of Table I, 
where s,, are the standard deviations of Table I, Cornelissen, 1983; Fung, 1981 ; Chen and Saha, 1987). It was quantified through weighted means of the bone parameters of interest, and through variances reflecting the uncertainty on these subjective expectations-The result is summarized in the first two columns of Table 2 . Assuming uncorrelated model parameters, the prior parameter covariances are then given by: , = DiagCs&, s:,, s:,, s,',, $1.  (13) The iterative estimation process given by (9) converged rapidly and steadily: within three iterations the estimates of 15, and pt varied less than 0.01%. while convergence to this variation limit for all five parameters required eight iterations. The resulting estimates were not altered by varying the initial parameterguesses go by as much as IO%, indicating that a global minimum of (8) was localized. Resulting parameter estimates are given in the third column of Table 2 . Note that all parameter estimates are 'realistic', i.e. in accordance with the prior expectation. In fact, this is a consequence of the estimator used.
In the last column of Table 2 In Table 3 , the experimentally measured tibia1 natural frequencies are compared with the theoretically predicted frequencies based on estimated model parameters. The relative deviations are small and apparently random in sign. Furthermore. their magnitudes are in accordance with the estimated measurement errors, i.e. the largest model/experiment-devi- . ations are associated with the highest natural frequcnties. as are also the measurement errors. This is also a consequence of the estimation procedure used.
The human tibia is a fairly complex structure.
Nevertheless, its resonance spectrum (Fig. 7) and mode shapes (Fig. 6) 
